A singularity on the negative fugacity axis of the hard-square lattice gas is investigated in terms of numerical diagonalization of transfer matrices. The location of the singular point z − c and the critical exponent ν are accurately determined by the phenomenological renormalization technique as −0.11933888188(1) and 0.416667(1), respectively. It is also found that the central charge c and the dominant scaling dimension x σ are −4.399996(8) and −0.3999996 (7), respectively. These results strongly support that this singularity belongs to the same universality class as the Yang-Lee edge singularity (c = − 
Introduction
For systems of hard particles, the radius of convergence of the fugacity series expansion is known to be generally determined by a non-physical singularity on the negative real fugacity z axis [1, 2, 3, 4] . Here, let us consider the hard-square lattice gas (hard squares), which is one of the simplest models describing the fluid-solid transition in two dimensions. This model exhibits a second-order transition at z + c = 3.796255174(3)
from the disordered phase to the √ 2 × √ 2 phase [5] (uncertainty in the last decimal digits is given by the figure in parentheses). It is also precisely confirmed that the transition belongs to the same universality class as the Ising ferromagnet [6] .
On the other hand, the alternating behavior in the sign of the coefficients in the fugacity series of the reduced pressure [7] :
Note that the absolute magnitude of z − c is about 30 times smaller than that of z + c . This fact makes it quite difficult to derive precise information around the physical critical point z + c from the fugacity series [2] . Similar situations are commonly observed in other hard-core systems.
This non-physical singularity is referred to as the hard-core singularity or the repulsive-core singularity. At this point thermodynamic quantities are known to exhibit interesting non-trivial behavior. For example, the reduced pressure or equivalently the reduced free-energy density behaves as
for z → z − c +. The singularity is characterized by the exponent φ. For the hard-square lattice gas φ is found to be about 0.83337 by series analysis [8] .
In 1984, Poland [9] investigated the fugacity series for a variety of hard-core lattice gases and hard-core gases in continuous space in two, three and higher dimensions, and proposed that the exponent φ is universal, that is, it depends only on the dimensionality of space. Another study on further models by Baram and Luban [10] also supports this conjecture.
In addition, Lai and Fisher [11] pointed out that the hard-core singularity can be identified with the Yang-Lee edge singularity [12, 13, 14, 15, 16, 17] (the exponent φ of the hard-core singularity relates to Fisher's exponent σ of the Yang-Lee edge singularity by φ = σ + 1). It means, if it is true, that the singular point z = z − c can be regarded as a conventional critical point; the correlation length diverges and consequently ordinary finite-size scaling analysis does work.
As far as we know, all the studies with respect to the hard-core singularity are done by means of series analysis up to the present time (except for the analytic solution for hard hexagons [10, 18] and the trivial cases in dimensions less than two). In this paper, we investigate this singularity of the hard-square lattice gas by another approach -numerical diagonalization of transfer matrices and phenomenological renormalization analysis.
The transfer-matrix method is one of the most powerful numerical methods in investigating statistical mechanical models in low dimensions [19] . It has some advantages such as the absence of statistical errors and critical slowing down, which are observed in Monte Carlo simulations. Moreover, in two dimensions, the conformal invariance associated with a critical system yields a great deal of interesting consequences [20, 21, 22] . Especially, useful asymptotically exact relations between universal quantities, such as the critical exponent, and eigenvalues of the transfer matrix are given. This enables us to perform precise analysis about the criticality even in the non-unitary case with a negative central charge, such as the present hard-core singularity, as shown later.
The organization of the present paper is as follows: In §2 we describe the transfer-matrix method and give the explicit notation of the transfer matrix for the hard-square lattice gas. In §3 the critical point of the hard-core singularity and some universal quantities are investigated by means of the phenomenological renormalization technique. In addition, in §4 we consider the critical eigenvalue spectrum of the transfer matrix precisely, which relates to the operator content of the corresponding conformal theory. We give a summary and some discussion in the final section.
Transfer Matrix for Hard-Square Lattice Gas
The partition function of the hard-square lattice gas is defined as follows:
where s i is a one-bit binary number, which describes whether the ith site on the square lattice is occupied (s i = 1) or vacant (s i = 0). The product in eq. (5) Figure 1 : Two neighboring unit slices of the row-to-row (a) and the diagonal-to-diagonal (b) transfer matrices. The transfer direction is chosen in the horizontal direction (right to left) in both cases.
In the vertical direction, periodic boundary conditions are applied.
pairs of the lattice sites. The size of hard squares is so that any two of them can not occupy on nearest-neighbor positions simultaneously. The partition function of the system of L × M sites with periodic boundary conditions can be expressed in terms of the transfer matrix [19] :
The transfer matrix T L is square and of order 2 L . Note there remains some options in choosing the transfer direction and dividing the total Hamiltonian into a sum of slice Hamiltonians [19] . In this paper, we consider the following two types of transfer matrices, which have distinct transfer directions with each other.
Row-to-row transfer matrix
The first one is the row-to-row transfer matrix. The transfer direction is chosen to be parallel to a set of lattice edges ( Fig. 1 (a) ). The (τ |σ) element is explicitly written as
where
respectively denote one of 2 L configurations on the two neighboring unit slices respectively (s i , t i = 1 or 0). Periodic boundary conditions along the unit slices (the vertical direction in Fig. 1 (a)) are applied (s i+L = s i and t i+L = t i ). It should be noticed that quite a number of matrix elements should vanish owing to the presence of the hard-core interaction. Especially, the number of rows or columns containing at least one nonzero element is only
. This is much smaller than 2 L . One can construct an algorithm for multiplication of the matrix to a trial vector almost in this highly restricted space as shown by Todo and Suzuki [6] . Thus, dominant eigenvalues of the transfer matrix can be calculated effectively up to the system width L = 28, which is quite larger than that achieved by the standard sparse-matrix factorization [5, 23] .
Diagonal-to-diagonal transfer matrix
We also consider the diagonal-to-diagonal transfer matrix. In this case, the transfer direction is rotated by the amount of π 4 to a set of lattice edges ( Fig. 1 (b) ). Periodic boundary conditions are also applied in the orthogonal direction. Matrix elements are written as follows:
In this case, any two particles on the sites in a unit slice do not interact with each other. Consequently, all the rows or columns of the matrix T d,L contains at least one none-zero element. By using the standard sparse-matrix factorization technique [5, 23] , numerical matrix multiplication to a vector can be carried out up to L = 20.
Eigenvalues, free-energy density and correlation length
In the M → ∞ limit, the reduced free-energy density f L is given in terms of the largest eigenvalue λ 1 of the transfer matrix as
The inverse correlation length in the transfer direction, which is also referred to as the gap, is calculated as ξ
where λ 2 is the second largest eigenvalue in absolute magnitude. It should be noted that for z < 0 a number of matrix elements in eqs. (7) and (8) become negative. Consequently, there is no guarantee that the largest eigenvalue is unique. In general, it may appear as a member of degenerating eigenvalues or one of a complex-conjugate pair. It is in a sharp contrast to the case for z > 0, where the largest eigenvalue is always real and non-degenerate as a consequence of the Perron-Frobenius theorem [24] .
However, in the present case, one can easily show that there exists a certain fugacity region (z × L < z < 0), where the largest eigenvalue is actually real and non-degenerate, as the following:
First of all, note that all the elements of T r,L and T d,L are real. Then, it is apparent coefficients of their characteristic polynomials are all real. This means that imaginary eigenvalues should appear as complex-conjugate pairs, if they exist. On the other hand, it can be easily seen that at z = 0 the largest eigenvalue is unity and all the other eigenvalues are zero. Consequently, the largest eigenvalues is real and non-degenerate at least between the z = 0 and the point z = z 
Phenomenological Renormalization
The largest and the second-largest eigenvalues of the transfer matrix are calculated by the power method [26] up to L = 28 and L = 20 for the row-to-row and diagonal-to-diagonal transfer matrices, respectively. In the present case, other improved variations of the power method such as the (2) conjugate-gradient method or the Lanczós method [27] are found to be less numerically stable. In the computation, we use quadratic-precision real numbers instead of double-precision numbers, so that finite-size quantities (z * L in eq. (11), etc.) can be obtained with the uncertainty of 10 −20 or less. As seen below, finite-size data exhibit quite rapid convergence to the thermodynamic limit. Then, the quite high accuracy for them is required to make meaningful extrapolations.
The critical point is estimated by solving the phenomenological renormalization equations:
for two successive system sizes L and L ′ = L+ 1. As shown in Table I and II, there is no alternating behavior in finite-size corrections with respect to the parity of L. It is in contrast with the case for the physical critical point at z = z + c , where the systems with even and odd width have different finite-size corrections with each other, reflecting the anti-ferromagnetic-like √ 2 × √ 2 ordering in (1) the ordered phase [6] . Then, iterated fits [5] of 3rd order yields
for the row-to-row transfer matrix and
for the diagonal-to-diagonal one. They agree excellently with each other. They are also consistent with eq. (3), but much accurate by about two orders of magnitude. The exponent ν can be found from derivatives of the gap:
at z = z * L . The results are also listed in Table I and II. They are extrapolated to the thermodynamic limit by iterated fits as ν = 0.416668(2)
and ν = 0.416667(1) (16) in the row-to-row and diagonal-to-diagonal cases, respectively. These results indicate ν = 5 12 , which is expected to be exact for the Yang-Lee edge singularity in two dimensions [16] .
At the critical point, the scaled gap Lg L (z) in eq. (11) is believed to be universal [28, 29] , that is,
for L → ∞, where x σ would be the scaling dimension of the dominant scaling operator and relate to the exponent of the correlation function η by η = 2x σ . It is also expected that the coefficient of the leading finite-size correction to the critical free-energy density becomes universal [30, 31] :
where f 0 is the critical free-energy density of the bulk, and c is the central charge of the Virasoro algebra, which characterize the critical theory of the model [20] . In practice, finite-size estimates for x σ and c are calculated by
and
respectively. As seen in Table 1 and 2, both of x σ,L and c L tend to rapidly converge to the same value 
respectively. Following these results, one may conclude that the singularity at z = z − c would be described by a conformal field theory with c = Another interpretation for our numerical results are possible. Suppose the largest eigenvalue λ 1 corresponds not to the identity operator but to the primary operator with a negative dimension. Then, the second largest one λ 2 now corresponds to the identity operator with the dimension 0. Accepting this assumption, one should calculate the true central charge and scaling dimension (saỹ c andx σ , respectively) same as eqs. (19) and (20), but using the modified free-energy density and gap [17] 
andg
instead of those defined in eqs. (9) and (10) . In the expressions the largest and second-largest eigenvalues, λ 1 and λ 2 change places with each other in comparison with the former definitions. Thus,c andx σ are related with c and x σ above mentioned as 
respectively. These values coincides quite excellently with Cardy's conjecture [16] that the Yang-Lee edge singularity would be described by the non-unitary conformal field theory with c = − In the next section, we investigate the critical eigenvalue spectrum of the transfer matrix in order to confirm our tentative conclusion more precisely.
Eigenvalue Spectrum of Transfer Matrix at Critical Point
The complete spectrum of the transfer matrix at the critical point contains more information about the criticality. It is known that at the critical point, there is asymptotically one-to-one correspondence between the eigenvalues of the transfer matrix and the operators appearing in the corresponding conformal field theory [22, 29] .
We calculated all the eigenvalues of the row-to-row transfer matrix (7) at z = z − c by the combination of the Householder transformation and the QR algorithm [26] . The corresponding scaling dimensions are then calculated as
withg
where λ k is the kth-largest eigenvalue. Note that the gap in eq. (28) is measured from the secondlargest eigenvalue λ 2 following the assumption in the last section.
The extrapolated values for the first 15 eigenvalues (k = 1, 2, · · · , 15) are listed in Table III First, it should be noted that the dimension 1 is absent in the eigenvalue spectrum (Table III) . This supports our conclusion, because the level-1 descendants of the identity operator generally vanish [20] . On the other hand, the dimension − 2 5 + 1 is present, which corresponds to the level-1 secondary operators of the operator with the dimensionx 1 =x σ .
Moreover, the whole eigenvalue spectrum, at least up to k = 15, coincides completely with the operator content of the modular invariant partition function for c = − Table III ).
Summary and Discussion
In the present paper, we investigated the hard-core singularity of the hard-square lattice gas by the transfer-matrix method and the phenomenological renormalization. In special, for the row-to-row transfer matrix we perform diagonalization up to the quite large system width L = 28 by using the improved sparse-matrix factorization technique. Finite-size analysis for the two different transfer matrices yields the highly consistent results with each other. In terms of the phenomenological renormalization technique, we obtained the accurate estimate for the critical point z c , which is consistent with the previous studies but much accurate.
The exponent ν, the central charge c and the dominant scaling dimension x σ are also determined accurately. The results indicate strongly that the hard-core singularity is described by the nonunitary conformal field theory with c = − 22 5 , in other words, it belongs to the same universality class as the Yang-Lee edge singularity.
As far as we know, the present result for the critical point is one of the most accurate numerical estimates by means of the computer simulation for the non-trivial problems in statistical physics. The rapidness of convergence or the smallness of finite-size corrections would be due to the extreme simplicity of the critical theory -there are only two primary operators (x = 0 and − 2 5 ). Finally, we comment that the hard-square lattice gas can be considered as a special limit of the Ising anti-ferromagnet on the square lattice [13] (βJ → −∞ and βH → ∞ with β(H + 2J) fixed, where β is the inverse temperature, J the nearest-neighbor anti-ferromagnetic interaction (J < 0) and the H is the magnetic field). In the latter model, the Yang-Lee edges are expected to form a couple of critical lines in the complex H plane above the critical temperature. The connection between them is an interesting problem, but it remains as an open question. c , the critical point in two dimensions. The crossover behavior from one to two dimensions is also a subject of interest and we will discuss it elsewhere.
